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Abstract 

We derive the transformation laws in the target space of the SL{2, R)/U{1) 
coset model which generate the classical Wqo symmetry. 
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It was realized recently that the concept of IV-algebras [0], their decompactification 
limits (algebras of the Woo type) [@, ||, ^ and their non-compact analogues play an 
important role in such varied subjects as CFTs, their integrable off-critical siblings, in- 
tegrable hierarchies, string theory both perturbative and non-perturbative, etc. In this 
context, ly-algebras are described as abstract operator algebras that organize the oper- 
ator content of 2-d theories, they are local and generically contain higher spin operators, 
which are responsible for their non-linearity. They reflect the underlying parafermionic 
symmetry of CFTs, which is generically non-local, and can be simply described as a local 
subalgebra of the enveloping parafermionic algebra. 

In the cr-model description of such CFTs, the presence of the PF-algebras is associated 
with the existence of chiral symmetries. However, in the cr-model context one usually 
works in perturbation theory around the decompactification limit {a' — > 0). Thus, clas- 
sically, the symmetry will be of the Woo type, and a' corrections will renormalize it 
accordingly; for example, in the compact case the renormalized VT-algebra should be 
finitely generated. Such a target space description of W^-symmetries has not attracted 
any attention so far. We feel that it is interesting to explore it, in order to get a bet- 
ter grasp of H^-symmetries from a (more conventional) lagrangian point of view, which 
usually provides an easier link to geometric concepts and their generalizations. 

The purpose of this letter is to use the parafermionic description of VT-algebras to- 
gether with the cr-model description of the parafermionic currents in order to obtain 
a systematic formulation of VT-symmetries in target space. The CFT models we will be 
considering are of the coset (G/H) type for which a cr-model description is available as 
gauged WZW models 0. Our method is applicable to all such models, both compact 
and non-compact, but for notational simplicity we will only consider the SL{2, R)/U{1) 
model. At the clasical level the 14^-symmetry is identical for various non-compact versions 
of a compact target space (that is the manifolds obtained by analytic continuation of the 
compact manifold), for example the N ^ oo limit of the W^ algebra associated to the 
SU{2)n/U{1) model and the ^ oo limit of the Woo{k) algebra of the SL{2, R)k/U{l) 
model coincide p. 

The SL{2, R)k/U{l) coset model has received considerable attention recently since it 
admits a geometric interpretation (for k large) as a 2-d black hole . Writing down the 
gauged WZW action and integrating out the gauge fields we obtain to leading order in 
k the following action (in isothermal coordinates) 

^ k r dudu + duBu 
An J 1-uu ' 

It differs from the conventional cr-model on 5^ (or its compact analogue) in that the 
target space metric is (1 — uu)~^ instead of (1 — uu)^^. Also, the difference between 
SU{2)/U{1) and SL{2, R)/U{1) is reflected in the range of the coordinates u,u. The 
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classical equations of motion can be derived from the variation of S 

6Sr^ j{5uEu + 6uE^). (2) 

They read 

E^ = Ea = (3) 

with 

„ ddu ududu , , 

Eu = + -. -r^ , 4a 

1 — uu [1 — uuy 

^ ddu ududu , , , , 

1 — uu (1 — uuy 

The action (1) has a classical U{1) symmetry 

M^we'" , u^ue-'" (5) 

reflecting the killing symmetry of the the target manifold. The associated current is 

udu — udu - udu — udu , , 

J = — , J = — 6 

1 — uu 1 — uu 

which is conserved but not chiral 

dJ + dJ = (7) 

using the equations of motion. 

We can define the generating parafermion (non-local) currents in the standard way 
by dressing the gauge currents with Wilson lines f\ 

= -jP=^V, . i>- = -J^V. (8) 

A/l — UU yl — uu 



where 



V± = exp 



±i J {dzA + dzA) 



(9) 



A = -J , A = J (10) 

and Cz is a path (string) terminating at the position of the parafermion. The curvature 
of the gauge connection (10) is proportional to the equations of motion 

F{A) = dA-dA = 2{uEu - uE^) (11) 

and thus vanishes on-shell. Consequently, the parafermion currents are insensitive to the 
position of the string, ie., variations of the path C^. Straightforward computation gives 



di)+ = Vl - uuEuV+ , (12a) 



*From now on we focus on the holomorphic part of the theory to avoid repetition. 



2 



dip. = VI - uuEuV. (126) 

which imphes the chiral conservation of parafermion currents on-shelL Any chirally 
conserved field in the theory is a polynomial in However of primary interest 

are fields which are free of the string non-locality. Such fields are the W-currents and 
their descendants. A convenient (quasiprimary) basis of such currents, up to an overall 
spin-dependent normalization, is 

Ws = ^(-l)^-'^-^A^9^-V+5'"^"V- (13a) 

k=l 



with spin s = 2, 3, ... and 



It is obvious that Ws is a local functional of u, u and their derivatives, and any other 
local current is a polynomial of the Ws and their derivatives. 

Having the W-currents, we can determine the symmetries responsible for their con- 
servation. In particular we have to determine the variations 5^^^u^ S^/^u such that 

6Sr^ J {d'f^E^ + 5^^^uE^) = J edWs (14) 

where e is a function of z only. The strategy is to start from the right-hand side of eq. 
(14) which is known, bring it into the form dictated by the left-hand side and then simply 
read the u, u variations. 

In the simplest case, s=2, using eqs. (12), (13), we have 

j ed{ip+ip_) = J {eduEu + eduEu) (15) 

which in turn implies 

5fu = edu , 5f^u = edu (16) 

as expected for the transformation laws of scalars that generate the stress tensor of the 
theory. We can easily verify on m, u 



§(2) ^(2) 



which gives the centerless Virasoro algebra; here prime stands for the derivative with 
respect to z. 

The computation of the higher spin variations of u, u proceeds along similar lines. 
The only point one has to be careful about is the non-commutativity of the derivatives 
d, d on off-shell. In fact, the non- vanishing curvature (11) yields 

[d,d]ilj± = ±{uE^-uE^)ilJ± (18) 
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and more generally 



n—l 



[d\d]^± = ±J2i^^jd"-'-\uE^-uE^)d'tP± . (19) 

The results for the spin 3 and 4 transformations are 

Si^^u = 2e(d'u + 2^^^]+e'du , (20a) 
y 1 — uu J 

6f^u = -2e { d^u + 2!^^^ - e'du (206) 



1 — uu 



and 



\ 1 — uu (1 — uu)^ J 

+5s'(d\ + P^]+e"du , (21a) 
\ 1 — uu J 

y 1 — UU (1 — mm)^ y 

+5s'fa^^ + ^U."a^ . (216) 

y 1 — uu J 
The transformation for arbitrary s is 

s-lk-2 

\l AS ^\„.ak-2~l 



+ ^^(-l)'An _ (22a) 

fc=l /=0 ^ ' 



with 

The variation of u is also given by eq. (22) by interchanging u ^ u and multiplying by a 
factor (—1)'^. The explicit dependence of these transformations on u,u is obtained using 
the formulae 

/ 1 \" du 
d-^^ = V^(d+-A) -== , (23a) 

( 1 \" du 
d-i,_ = vAd--A] -== (236) 
V 2 J a/I — uu 

where [d ± yl/2)" acts as an operator on the right. 

Commutators of the variations b^^^ on u, u give rise to the centerless Woo algebra, 
1^, as expected. In particular, apart from the commutation relations (17), we have 
after rescaling b^^ by 2'-^s\l{2s - 3)!! that 

[€^C]=^£!.-.4 ' (24) 



lC.«'l = 4:i„-.4 + f«i?!„ . (25) 

and in general 

[^?, C^] = 4-'iK.2-(s-i)e,4 + 1°^^^ ^Pi^ (27) 

These commutation relations can be compared with the OPE of the Woo algebra using 
the correspondence 

^ j>e{z)W'{z) . (28) 

One should note that the behaviour of W-currents and transformations is special 
for target space "instantons" . Here by instantons we simply mean holomorphic maps, 
u{z), u{z). They are not exactly instantons since the would be topological charge being 
proportional to the volume is infinite. Holomorphic maps are obviously solutions to the 
equations of motion (3), (4). The W-currents vanish when evaluated on holomorphic 
maps. As for the W-transformations they transform u linearly and holomorphically but 
not u. Their explicit form is 

s-2 

5'f\ = Y,Btd^ed"-^-\ , 5^^'^u = Q (29) 

1=0 

where Bf has been defined in eq. (22b). They are the same as the W-transformations 
in fiat space . The situation has similarities with the geometric picture of W-algebras 
advanced in One should also note that the Woo transformations (29) generate a group 
which is the Borel type (differential) subgroup of the Lie-Poisson group of pseudodiffer- 
ential operators. It is interesting that in the case of non-holomorphic maps one has a 
generalization of this structure which couples u and u. 

Once we go to next order (one loop) in or l/fc, the effects of the measure (dilaton) 
become important. Although at the level of the cr-model it is difficult to analyze the 
renormalization of the W-symmetry, we know its fate from the operator approach H. 
In the compact case there are renormalizations which render the W-generators with s > N 
null and thus they decouple, This does not happen in the non-compact, SL(2,R), 
case. It would be interesting to verify this also via a (perturbative) a-model calculation. 
Also, the fate of the U{1) symmetry is different in the compact or non-compact case. In 
the compact case it is broken down to the parafermionic symmetry, whereas in the 
non-compact case it is unbroken and provides the "time" -translation symmetry in the 
black hole background, In both cases the U(l) current is absent from the Hilbert 
space due to IR divergences. The breaking of the U{1) symmetry to is reminiscent of 
the analogous phenomenon in QCD: the breaking of the axial U{1) symmetry to Z^,, by 
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instantons. In QCD this has as a result that certain multifermion operators with non- 
zero axial charge to get an expectation value. The same is also true in the parafermion 
model where now the role of the fermions is played by the generating parafermions. 

It would be interesting to understand further the target space structure of the W- 
symmetries. Also, it would be interesting to understand the relation (if any) between Woo 
and more generally W-symmetries of CFT coset models and the hidden symmetries (of 



the Kac-Moody type) of ordinary a-models, ||T0| both from the algebraic and langrangian 
point of view. Work in this direction is in progress. 
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